In this paper, we obtain some circular summation formulas of theta functions using the theory of elliptic functions and show some interesting identities of theta functions and applications. MSC: Primary 11F27; secondary 33E05; 11F20
Introduction
Throughout this paper we take q = e iπτ , where (τ ) > . The classical Jacobi theta func- In the present paper, we obtain analogues and uniform formulas for theta functions θ  (z|τ ), aθ  (z|τ ), θ  (z|τ ) and θ  (z|τ ). We now state our result as follows.
Theorem  For any positive integer k, n, a and b with k
• For a, b even, we have
• For a even, n and b odd, we have
where
Proof of Theorem 1
From Jacobi's theta functions (.)-(.), we have the following properties respectively:
, by using the induction, we easily obtain
The function f (z) becomes of the following form:
From (.) we easily obtain
Comparing (.) and (.), when a is even, we get
By (.) and (.), and noting that a + b = k, we obtain
Obviously, when a is even, we have
We construct the function
. By (.) and (.), we find that the function
is an elliptic function with double periods π and πτ and only has a simple pole at z = 
we have
By (.), (.) and (.), we have
By (.) and (.), we obtain
By equating the constant term of both sides of (.), we obtain
Clearly,
In the same manner as in Case , we can obtain Case  below. Case . When α = , β = . The function f (z) becomes of the following form:
From (.) we easily obtain
Comparing (.) and (.), when a is even, we get
By (.) and (.), and noting that a + b = k, we obtain
Obviously, we have
. By (.) and (.), we find that the function
is an elliptic function with double periods π and πτ and only has a simple pole at z = Clearly,
From (.) we easily obtain
Comparing (.) and (.), when a is even, we have
By (.) and (.), and noting that a + b = k, we obtain
• When a and b are even, then kn is also even, we have
, by (.) and (.), we find that the function
is an elliptic function with double periods π and πτ and only has a simple pole at z = By equating the constant term of both sides of (.), we obtain
• When a is even, n and b are odd, then kn is also odd, we have
. By (.) and (.), we find that the function
is an elliptic function with double periods π and πτ and only has a simple pole at z = By (.), (.) and (.), we have
By (.) and (.), we obtain
By equating the constant term of both sides of (.), we obtain
Clearly, in (.) and (.), we have
In the same manner as in Case , we can obtain Case  below. Case . When α = , β = . The function f (z) becomes of the following form:
• When a and b are even, we have
• When a is even, n and b are odd, we have
Clearly, in (.) and (.), we have
Therefore we complete the proof of Theorem .
Some special cases of Theorem 1
In this section we give some special cases of Theorem  and obtain some interesting identities of theta functions. 
Corollary  For any positive integer n, we have
Obviously, we find that
Taking n =  and letting z → z, y → y, τ → τ in Corollary , we get the following identities for theta functions: 
